The lowering operator σ associated with a polynomial set {P n } n≥0 is an operator not depending on n and satisfying the relation σP n = nP n−1 . In this paper, we express explicitly the linearization coefficients for polynomial sets of Sheffer type using the corresponding lowering operators. We obtain some well-known results as particular cases.
Introduction
Let ᏼ be the linear space of polynomials with complex coefficients. A polynomial sequence {P n } n≥0 in ᏼ is called a polynomial set if and only if degP n = n for all nonnegative integers n. Given two polynomial sets {S n } n≥0 and {P n } n≥0 , the so-called connection problem between them asks to find the coefficients C m (n) in the expression:
C m (n)P m (x), (1.1) which for S n (x) = x n is known as the inversion problem for the polynomial set {P n } n≥0 . When S i+ j (x) = Q i (x)R j (x) in (1.1), {Q n } n and {R n } n being two polynomial sets, we are faced to the general linearization problem
2 Linearization coefficients for Sheffer polynomial sets in many situations of pure and applied mathematics and also in physical and quantum chemical applications [32, 33] . In particular, the study of positivity conditions of L i j (k) has received special attention. This property has many important consequences. It gives rise to a convolution structure associated with the polynomial set {P n } n≥0 [8, 9, 19, 36] . Several sufficient conditions for the sign properties to hold have been derived in [6, 7, 37, 38] . The literature on this topic is extremely vast and a wide variety of methods, based on specific properties of the involved polynomials, have been devised for computing the linearization coefficients L i j (k) either in closed form or by means of recursive relations (usually in k) [10, 26, 27] , exploiting for this purpose several of their specific properties: recurrence relation [24] , generating function [3, 7, 15, 16, 22] , orthogonality weights and Rodrigue's formula [1, 5] , inversion formulas [4, 29] , and so forth. A combinatorial approach to solve the linearization problems was also given in [21, 28, 39] . A general method, based on lowering operators, was developed by the authors [13, 14] to solve connection problems. The purpose of this work is to show that such a technique can likewise be used to treat linearization problems.
The outline of the paper is as follows. In Section 2, we give a result for a general linearization problem. Then we prove a useful lemma, generalizing the Leibniz formula, to express explicitly the standard linearization coefficients for Sheffer polynomial sets (Theorem 2.6). In Section 3, for practical uses of the main result, we give the standard linearization coefficients for some well-known basic Sheffer polynomial sets. Finally, in Section 4, we apply Theorem 2.6 to orthogonal Sheffer polynomial sets.
Linearization coefficients

A general result.
Denote by Λ (−1) the space of operators σ acting on analytic functions that reduce the degree of every polynomial by exactly one and σ(1) = 0.
It was shown, by the first author, that every polynomial set is quasi-monomial [12] . That is to say, there exist a lowering operator σ and a raising operator τ, independent of n, such that (ii) B n (0) = δ 0,n , n = 0,1,.... In [11] , it was shown that every σ ∈ Λ (−1) has a unique sequence of basic polynomials. A σ-Appell polynomial set of transfer power series A is generated by
where G 0 (x,t) is a solution of the system 5) and conversely. Let ᏼ be the algebraic dual of ᏼ. We denote by ᏸ, f the effect of the functional ᏸ ∈ ᏼ on the polynomial f ∈ ᏼ. Let {P n } n≥0 be a polynomial set. Its dual sequence {P n } n≥0 is defined by
When {P n } n≥0 is a σ-Appell polynomial set of transfer power series A, an explicit expression of its dual sequence was given in [11] by
where A(t) = 1/A(t). Combining (1.2), (2.6), and (2.7), we state the following general result. 
Next, in this paper, we limit ourselves to standard case for Sheffer polynomial sets case.
Sheffer polynomials.
Recall that a polynomial set {P n } n≥0 is said to be of Sheffer type A-zero (Sheffer polynomial set, for shorter,) if and only if it has a generating function of the form [25, 30] 
A(t)exp(xC(t))
4 Linearization coefficients for Sheffer polynomial sets where A and C are two formal power series:
It was shown in [12] that a Sheffer polynomial set generated by (2.9) is σ-Appell polynomial set of transfer power series A, where
That corresponds to Appell polynomial sets [2] . In order to apply (2.8) to Sheffer polynomial sets we need the following. 
where
. Since σ commutates with T z0 , f and g have the formal power expansions:
by virtue of (2.7). So
14), we deduce (2.11) since z 0 is arbitrary.
For the particular case σ = D, the corresponding basic sequence is B n (x) = x n . Then the coefficients in (2.12) are given by 15) and (2.11) is reduced to the well-known Leibniz formula
Y. B. Cheikh and H. Chaggara 5 As every Sheffer polynomial set generated by (2.9) may be viewed as a σ-Appell polynomial set of transfer power series A where σ = C * (D), we use this property to state our following main result. Theorem 2.6. The linearization coefficients in (1.3) with {P n } n≥0 a Sheffer polynomial set generated by (2.9) are given by
where l nm (k) are the standard linearization coefficients for the corresponding basic sequence generated by
Proof. {P n } n≥0 is a σ-Appell polynomial set of transfer power series A, where σ = C * (D). Then by virtue of Theorem 2.4 and (2.11) we derive (2.17).
The basic sequence {B n } n≥0 is a σ-Appell polynomial set of transfer power series 1. So according to (2.8) and (2.16), we have 20) which gives (2.18).
Remark 2.7.
A similar proof may be used to express general linearization coefficients in (1.2) where the involved three polynomial sets are of Sheffer type.
Next, in Section 3, we use (2.18) to express explicitly the standard linearization coefficients for some well-known basic Sheffer polynomial sets. Then, in Section 4, in order to show the efficiency of the proposed approach, we apply Theorem 2.6 to orthogonal Sheffer polynomial sets to derive some already obtained results in the literature by alternative methods.
Linearization coefficients for basic polynomials
Stirling polynomials. The Stirling polynomial set {x
is generated by
For this case we have C(t) = Log(1 + t) and C * (t) = e t − 1. It follows that {x [n] } n≥0 is a Δ-Appell polynomial set, where Δ = e D − 1 is the difference operator, and
According to (3.3), the following relations can be derived
where (x) n = x(x + 1)···(x + n − 1). Also, from (3.3), one can see that (2.11) contains as a particular case the well-known Jordan formula [20] 
Y. B. Cheikh and H. Chaggara 7 In fact, for the special case σ = Δ, the corresponding basic sequence is B n (x) = x [n] . Then (2.12) is reduced to
It follows from (2.11) and (3.6) that
which, in view of the expansion formula [20] 
gives (3.5).
Basic Laguerre polynomials. The basic Laguerre polynomials
For this case we have
(3.10) For this case we have
It follows that {P n (x)} n≥0 is a σ-Appell polynomial set, where σ = (e D − 1)/(e D − 1/a), and
(3.14)
Then
(3.15)
Basic Meixner-Pollaczek polynomials.
The basic Meixner-Pollaczek polynomial set {P n (x)} n≥0 is generated by
It follows that {P n (x)} n≥0 is a σ-Appell polynomial set, where σ = tanD/(1 − δ tanD) and
( 3.18) Y. B. Cheikh and H. Chaggara 9 Then
(3.19)
Orthogonal Sheffer polynomials
Let {P n } n≥0 be an orthogonal σ-Appell polynomial set of transfer power series A. The linear functional ᏸ for which the orthogonality holds is given by [34] 
We use this relation and Theorem 2.6 to state the following. 
2)
where I s = ᏸ,P s P s = A(σ)(P 2 s )(x)| x=0 and l i j are the standard linearization coefficients for the corresponding basic sequence.
An immediate consequence of this result is the following. Let us return now to Corollary 4.1 to mention that this result concerns exactly five classes of Sheffer polynomials according to Meixner characterization [17] . In Table 4 .1, we recall these classes with the corresponding lowering operators and transfer power series according to our analysis.
Next, for each case, we use (4.2) to express explicitly the corresponding standard linearization coefficients in terms of hypergeometric series.
Hermite polynomials.
The Hermite polynomials {H n } n≥0 are generated by 
Then σ = D/2 and A(t) = e −t 2 . Since the corresponding basic sequence is {(2x) n } n≥0 , we get l i j (k) = δ i+ j,k . The linear functional for which the orthogonality holds is [34] 
(4.5)
Charlier polynomials.
The Charlier polynomials{C a n } n≥0 are generated by 
(4.8)
Laguerre polynomials.
The Laguerre polynomials {L α n } n≥0 are generated by [17] (
Then the lowering and transfer operators for {n!L α n } n≥0 are, respectively,
The linear functional for which the orthogonality holds is [34] 
which, in view of the well-known relationship [31, 35] : 
(4.13)
Meixner polynomials.
The Meixner polynomial set {M n (x;β,a)} n≥0 is generated by [17] (1 − t) 
(4.16) So, the linearization coefficients alternate in sign just as in the Laguerre polynomial set case.
Meixner-Pollaczek polynomials.
The Meixner-Pollaczek polynomials are generated by [17] 1 + δt 2 + t 
(4.21) Taking δ → 0 and η = 2λ in (4.21) and using the well-known relation [35] , namely, n (x) = (1/n!)P n (x;0,2λ) designates the symmetric Meixner-Pollaczek polynomials.
